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We invest igate  the existence and also the number  of possible  s ta t ionary  operat ing reg imes  of continuous 
reac to r s  of finite length with a fixed f ine-gra ined  ca ta lyzer  layer .  It is assumed that the effective chemical  
reac t ion  rate  is  expressed  by a s ingle-va lued function of very  general  form of the t empera tu re  and 
concentra t ion of the p r i m a r y  component in the s t ream.  It is shown in section 1 that in an adiabatic reac to r  
the solution of the d i rec t  and inverse  problems of finding the s ta t ionary  reg imes  always exis ts  and for the 
inverse  problem the solution is unique. In section 2 we es tabl ish  some sufficient condit ions for the 
uniqueness  of the d i rec t  problem for the case in which the effective thermal  conduction and diffusion 
coefficients a re  equal. In section 3 we examine a very  s imple diffusion model of a reac tor  with heat 
removal .  An at tempt is made to de te rmine  the region of var ia t ion  of the p a r a m e t e r s  (charac ter iz ing  the 
t empera tu re  of the supplied mix ture ,  i ts  input ra te ,  heat removal  and reac tor  length) in which the var ious  
s ta t ionary  r eg imes  exist ,  in par t icu la r  the low and high t empera tu re  reg imes  and also both of these 
reg imes  together.  

1. The s ta t ionary  reg imes  of the adiabatic reac to rs  in question a re  usual ly  descr ibed  [1-3] by the following 
equations (wehave introduced the unknown pa rame t e r  7 ,  which charac te r izes  the t empera tu re  at the exits f rom the 
layer ,  for purposes  of the subsequent  invest igat ion):  

d ~ d u ~ )  d ~ v d v ~  
~-aV, - - T ~  + i  = o ,  b ~-a~----~-r - ! = o  

du dv u m 
~.=--z u - -  a - d ~  = o ,  v - -  b - ~  ---- 

du dv 
~=o,  u=u.~, - ~ = o ,  - ~ = o  

(u T T j _ :  Ch x - - L  T . - - T  \ 
, , v = "-~"- , ~ = r  ' I (uT,  vT) = "oF (T ,  C) h,  ' i  ---- u - ~  - )  

• D t - - F ( T  , C ) ,  u m ~ C  h , h ~  ~ -  �9 

(1.1) 

(1.2) 

(1.3) 

Here T is  t empera tu re ;  T o is a cha rac te r i s t i c  t empera tu re  (for example,  T_); C is the concentrat ion of the 
p r i m a r y  component in the react ing mix ture ;  T_ and C- a re  the t empera tu re  and concentra t ion far ahead of the 
ca ta lyzer  layer ;  w is the f i l t ra t ion velocity;  F >_ 0 and H are  the effective ra te  and the rmal  effect of the chemical  
react ion;  p e = const  is  the heat content per unit  volume; ~ and D are  the effective longitudinal  thermal  conduction and 
diffusivity;  L is the length of the ca ta lyzer  layer ;  T+ is the t empera tu re  at the exit f rom this layer  (an unknown 
quantity). 

F r o m  (1.1) and condition (1.2) follows 

dtt dv u m 
a - ~ -  + b -~-  -- u - - v  - F - T = o .  (1.4) 

F r o m  (1.4) on the bas is  of (1.3) we find that v=  u,~ (t-- 7) / 7 for ~ = 0. Since v >__ 0, then 0 ~ 7  ~ i. If we take u as 
the independent var iab le ,  p = du / dL and v and ~ as the sought functions,  and if in place of the second equation of (1.1) 
we take (1.4), then problem (1.1)-(1.3) can be wri t ten in the form 

d p  p';  - -  ] ( u %  v'~) d v  (u  4:- v - -  a p )  "~ - -  u.~ d~  i 

" ~ - u  - -  a p t  ' d u  ~ b p T  ' d u  - -  p 

u =  urn, p = O ,  v ~  u m ( i - 7 ) 1 7 ,  ~ 0  
u =  ap, ~ = - - l .  

The las t  condition in (1.2) is sat isf ied automatical ly ,  s ince it is taken into account in (1.6). 

(1.5) 

(1.6) 
(~.7) 
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F o r  a n y  s m o o t h ,  s i n g l e - v a l u e d  f u n c t i o n  f ( u e ,  ~ ) ,  s a t i s f y i n g  

l =  al/au~- o, o ] l O v > o  f o r  ~ t =  0; 0 < 1 < o o  fo r  0 < v ~ < o o  (O~u'r...<um) 

(we f i r s t  a s s u m e  t h a t  H > 0) we  show t h a t :  

(1.s) 

a) t he  i n v e r s e  p r o b l e m  (T g i v e n ,  l to  b e  found) f o r  the  s y s t e m  (t.5) --  (t.7) a l w a y s  h a s  a u n i q u e  s o l u t i o n ;  

b) t he  d i r e c t  p r o b l e m  (l g i v e n ,  3 / t o  b e  found) a l w a y s  h a s  a s o l u t i o n ,  and  f o r  t he  s e m i - i n f i n i t e  r e a c t o r  (t = :,) i t  i s  
u n i q u e .  

F o r  g iven  T p r o b l e m  (1.5) ,  (1.6) i s  t he  C a u c h y  p r o b l e m .  At  t he  po in t  

u =  u,~, p = 0 ,  V =  Vm = U,~ ( i - -  ~,) /'~, ~ = 0  

t h e r e  i s  a s i n g u l a r i t y  ( the n u m e r a t o r  and  d e n o m i n a t o r  in  the  s e c o n d  e q u a t i o n  of (1.5) ,  and  fo r  T = 1 in  t he  f i r s t  e q u a t i o n  
as  w e l l ,  v a n i s h ) .  If T = I t h i s  i s  a s i n g u l a r  po in t .  F r o m  t h i s  po in t  t h e r e  e m a n a t e  t h r e e  i n t e g r a l  c u r v e s  e a c h  fo r  p, v ,  
and  ~, two of  w h i c h  y i e ld  ~ > 0, w h i c h  c o n t r a d i c t s  cond i t i on  (1.7) .  T h e r e  r e m a i n s  one  p a i r  of c u r v e s  wi th  s l o p e s  
0 < / ~  < ~o and  0 <  tr oo (on t he  b a s i s  of (1.8)) ,  y i e l d i n g  n e a r  u = u m 

p = k, (u~,~ --  u), v = ~ (u,~ --  u), ~ . . . .  (1.9) 

If 0 g ~, < 1, we w r i t e  t he  f i r s t  two e q u a t i o n s  of (1.5) r e l a t i v e  to the  d e r i v a t i v e s  d u / d p  and  d v / d p .  The  r i g h t - h a n d  
s i d e s  in the  r e s u l t i n g  e q u a t i o n s  v a n i s h  fo r  u =  u~, v =  v,~, p = 0 and  h a v e  no s i n g u l a r i t i e s .  If we s e e k  t he  s o l u t i o n o f t h e s e  
e q u a t i o n s  in the  v i c i n i t y  of  u m in t he  f o r m  of  s e r i e s  in  p, t hen  a f t e r  c o n v e r t i n g  to t he  o r i g i n a l  v a r i a b l e s  and  by  a n a l o g y  
w i t h  t h e  p r e c e d i n g  a n a l y s i s  d i s c a r d i n g  t he  so lu t i on  w i th  ~ > 0, we o b t a i n  t he  fo l lowing  e x p r e s s i o n s  f o r  p (u, v), v (u, ~) and  

(u, ~) n e a r  u --- u m (to w i t h i n  i n f i n i t e s i m a l s  of h i g h e r  o r d e r )  : 

~------ 21/'~fm(urn--u)'/~ (]m=](um~;, vm'r), %~=um(1--'r)l'r). 
(1.i0) 

In a c c o r d a n c e  w i t h  (1.9),  (1.10) t he  c u r v e s  of  p and  v a r e  p o s i t i v e  n e a r  u = u m and  r e t a i n  t h i s  s ign  fo r  0 ~< u < u, ,  
s i n c e  o t h e r w i s e  t h e r e  would  b e  a po in t  w h e r e  e i t h e r  p = 0, dp / czu >7 o, z, > o, o r  v = o, dv / du >~ O, p >~ O, w h i c h  c o n t r a d i c t s  
(1.5) .  S i n c e  p > 0 ,  0 < f < r162 t he  c u r v e  p(u,~/) m u s t  of n e c e s s i t y  r e a c h  t h e  s t r a i g h t  I ine  p = u / a  (in a c c o r d a n c e  w i t h  (1.5) 
i t  c a n n o t  t u r n  o r  h a v e  a v e r t i c a l  a s y m p t o t e )  and  c r o s s  t h i s  l i ne  on ly  o n c e ,  s i n c e  --  c~ < d p /  du < 1/a in  a c c o r d a n c e  w i t h  

(1.5). 

T h u s  f o r  any  g i v e n  0 ~ 7 ~< t t h e  s o l u t i o n  of the  p r o b l e m  (1.5) ,  (1.6) e x i s t s  and  y i e l d s  t h e  un ique  v a l u e s  

~m 

uo(7)~ap(uo, 'r)~O, /(T)=--~[u0(~), ~1= I d-~u > ~ 0 , p  (1.11) 

i . e . ,  t he  i n v e r s e  p r o b l e m  (1~5)-(1 .7)  h a s  a u n i q u e  s o l u t i o n  (u0 wi l l  be  t h e  v a l u e  of u a t  t h e  e n t r a n c e  to the  l a y e r ) .  

We  note  t h a t  in the  d e s i g n  of  r e a c t o r s  t he  s o l u t i o n  of  t he  i n v e r s e  p r o b l e m  i s  m e a n i n g f u l ,  s i n c e  i t  y i e l d s  t he  v a l u e  
of  t he  r e a c t o r  l e n g t h  f o r  w h i c h  t h e r e  e x i s t  r e g i m e s  w i t h  g i v e n  m a x i m u m  t e m p e r a t u r e  o r  t h e  r e q u i r e d  q u a n t i t y  of t he  

r e s u l t i n g  p r o d u c t .  

A c c o r d i n g  to (1 .9) ,  f o r  3/ = 1 l = r162 A c c o r d i n g  to (1.10) ,  a s  3 / ~ 0, p ~ ~ n e a r  u m ; h e n c e  u0 --, u~, t = --~ (ud --, 0. 
T h e  s o l u t i o n  of p r o b l e m  (1.5) ,  (1.6) d e p e n d s  c o n t i n u o u s l y  on t he  p a r a m e t e r  3/. T h e r e f o r e ,  w i t h  v a r i a t i o n  of 3/ f r o m  0 to 
1 t he  q u a n t i t y  l f i l l s  t he  i n t e r v a l  [0, ~r c o n t i n u o u s l y ,  i . e . ,  fo r  any  l ~_ 0 t h e r e  i s  a l w a y s  a t  l e a s t  one  v a l u e  of 0 < ~ ~< t, 
f o r  w h i c h  p r o b l e m  (1 .5 ) - ( 1 .7 )  h a s  a s o l u t i o n .  F o r  t =  r162 t h i s  v a l u e  (T = 1) wi l l  be  un ique ,  s i n c e  i f T  ~ 1, t h e n  a c c o r d i n g  
to (i.10), (1.11). l < 

T h u s ,  in  the  a d i a b a t i c  r e a c t o r  of a r b i t r a r y  l e n g t h  l t h e r e  i s  a l w a y s  a t  l e a s t  one ,  and  fo r  t~- ~r on ly  one  s t a t i o n a r y  

r e g i m e .  
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In t h e  c a s e  H < 0 t h i s  a n a l y s i s  r e m a i n s  c o m p l e t e l y  v a l i d  e x c e p t  t h a t  

--co</GO, urn<O, U m < u G O ,  v<O, p<O (g<O). 

2. As  i s  known [4 ,5 ] ,  t he  d i r e c t  p r o b l e m  m a y  no t  be  un ique .  L e t  u s  e s t a b l i s h  fo r  a = b t he  s u f f i c i e n t  c o n d i t i o n s  
fo r  i t s  u n i q u e n e s s .  ( O t h e r  s u f f i c i e n t  c o n d i t i o n s ,  e f f e c t i v e  f o r  s m a l l  a o r  l ,  w e r e  o b t a i n e d  in [6] w i th  the  a id  of the  

e i g e n v a l u e  p r o b l e m . )  

I n t e g r a t i n g  (1.4) r e l a t i v e  to u -~ v w i th  t h e  u s e  of c o n d i t i o n  (1.3) ,  we o b t a i n  v = u~ / ? - -  u. Then  t he  s y s t e m  ( 1 . 5 ) -  
(1.7) t a k e s  t he  f o r m  

dp  p~--~(u~) d~ l (2.1) 
du - -  a p t  d u - -  p 

u =  u- m, p =  O, ~ -  O; u =  ap, ~ = - - l .  (2.2) 

D i f f e r e n t i a t i n g  (1.11) a n d  (2.1) w i t h  r e s p e c t  to  T ; we o b t a i n  

dl [ } d~ \ duo , apy  (Uo)T 

dP'c Z (uq') , (:p ruT) d~.~ P.r [ ap  "~ 

x (~) = 0~' (~)) -- ~ (~) (o G O G Um7, 0 = u~). 

(2.3) 

(2.4) 

(2.5) 

A c c o r d i n g  to  (1.10) ,  in  t h e  v i c i n i t y  of u = u m f o r  0 G ~ < 1 

( u m - -  u ',% fa  (Urn - -  a) \% 
(2.6) 

If  Z (~?) G 0 fo r  0 G 0 G u,~, t h e n  in  a c c o r d a n c e  w i t h  (2.6) p~ G 0, ~ G 0 n e a r  u = U m  and  ff t h e r e a f t e r  t h e s e  
i n e q u a l i t i e s  a r e  v i o l a t e d ,  t h e r e  would  be  a po in t  u ~ w h e r e  py (u9 > 0, dp~ (u o) / du G 0 o r  p~ (u0) GO, d~(u0) / }/~ < 0, w h i c h  
c o n t r a d i c t s  (2.4) .  C o n s e q u e n t l y ,  if  z(0) g 0  f o r  o < O G u m T ,  t h e n G G o , ~ G o f o r o G u G u ~ ,  h e n c e  m a c c o r d a n c e  wi th  

(2.3) ~ (v) >t 0. If z (0) G 0 fo r  0 G 0 G urn, t h e n  z~ >/0 fo r  a l l  0 < V < l, i .  e . ,  z (y) i s  a m o n o t o n i c  func t i on  and  c o n s e q u e n t l y  
t h e r e  i s  a u n i q u e  s o l u t i o n  0 G ~ G i, w h i c h  p r o v i d e s  t he  g i v e n  z >~ 0. 

Thus, if E(@)GO (OG@G%~),i.e., 

sup [~' (0 ) - -  v (0)/~] G 0, O ~ [ 0 ,  urnl, (2.7) 

t h e n  t he  s o l u t i o n  of the  d i r e c t  p r o b l e m  (2.1) ,  (2.2) i s  a l w a y s  u n i q u e ,  i . e . ,  in  a r e a c t o r  of a r b i t r a r y  l e n g t h  l for  any  a 
t h e r e  e x i s t s  a un ique  s t a t i o n a r y  r e g i m e .  

F o r  s m a l l  ,9 the  func t i on  z(O) < 0, t h e r e f o r e  the  c o n d i t i o n  (2.7) i s  e q u i v a l e n t  to t he  a b s e n c e  of ( r ea l )  odd m u l t i p l e  
r o o t s  of z (0). 

T h u s ,  fo r  e x a m p l e ,  in  t h e  c l a s s i c a l  e a s e  in w h i c h  

( O ) =  h ( u r n - -  O) exp  [O / ( l  -S boO) ] (b o =  R'T / E ,  T o ~  R T _  ~ / E ) ,  (2.8) 

t h e  r o o t s  of  the  f u n c t i o n  x (0) a r e  

0 ~ [Urn - -  2b o q -  (u m - -  4bou m - -  4)G][2 (hokum - -  1)]-1. (2.9) 

I t  f o l l ows  f r o m  (2.9) t h a t  i f  u,~ < 4/.(1 - -  4bo) , t h e n  ~ (0) h a s  no r o o t s  of odd m u l t i p l i c i t y ,  i . e . ,  t h e  s o l u t i o n  of t he  
d i r e c t  p r o b l e m  wi l l  be  un ique  in t h i s  c a s e .  

The  e q u a t i o n  ~ (0) = 0 i s  e q u i v a l e n t  r e l a t i v e  to ~ to the  s y s t e m  ~ (~)= A~, d~ / d~ = A w h i c h  d e f i n e s  t he  t a n g e n t s  to  
t he  c u r v e  (~ (e), p a s s i n g  t h r o u g h  the  c o o r d i n a t e  o r i g i n ,  w h e r e  t he  t a n g e n t  a t  t he  i n f l e c t i o n  po in t  c o r r e s p o n d s  to the  r o o t s  
of e v e n  m u l t i p l i c i t y .  T h e r e f o r e ,  f o r  u n i q u e n e s s  of t he  s t a t i o n a r y  r e g i m e s  i t  i s  s u f f i c i e n t  t h a t  t h e r e  be  no r a y s  f r o m  the  
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coordinate  or ig in  which c ro s s  the curve  ~0 (~a) at m o r e  than one point. (Thus we have Fig. 1 for  the case  (2.8).) This s ta tement  
can be in te rpre ted  as fol lows:  the heat  r e l e a s e  at each r eac to r  section is de te rmined  by the function ~_(e), and the heat 
r emova l  (into the supplied mixture)  can be cons idered  to be roughly propor t ional  to J .  The re fo re  the number  of possible  
s ta t ionary  s tates  of the r e a c t o r  will then be no m o r e  than the maximum number  of points of in te rsec t ion  which the 
cu rve  ~ O) can have with a ray f rom the coordinate  or igin.  

,o /~.. 

/ ' / /  

Fig.  1. 

In the case  ~0 (~)~0 the condition that the sign of the function z (q) be constant  for ~ ~ [%, 0] is equivalent  to 
condition (2.7), and all  the conditions which follow t h e r e f r o m  also will be sufficient for uniqueness of the d i rec t  
problem (2.1), (2.2). In this case  the above analysis  is s t i l l  val id,  except  that u,~ < 0, u,~ ~u ~< 0, p < 0. 

3. Now let  us examine the case  in which the function ~ (uv) in (2.1) can change sign. This  occurs ,  for  example,  
for  r e a c t o r s  with heat r emova l .  In this case  problem (2.1), (2.2) resu l t s  f rom seeking the s ta t ionary r eg im es  in the 
case  of z e r o - o r d e r  react ion (when, for example,  no account is taken of the d e c r e a s e  of the act ive substances  along the 
r ea c to r  length,  which aids in evaluat ing the conditions for which combustion will obviously not take place),  and also 
when the C and T f ields a r e  s i m i l a r  (which as sumes  continuous input of the reagents  and part ial  r emova l  of the react ion 
products  through the walls) .  In this case  we use the one-d imens iona l  model ,  i . e . ,  we as sume  that e i ther  there  is ideal 
t r a n s v e r s e  mixing or  the heat remova l  is  accompl ished d i rec t ly  f rom the reac t ion  zone [1,2], or  averaging of the 
equations with r e spec t  to the t r a n s v e r s e  coordinate  is pe r fo rmed  [1,7]. A s im i l a r  problem for the semi- in f in i t e  
chamber  (l = ~) was examined in [7]. In the p resen t  case  the problem can be wri t ten  in the fo rm 

dp V - -  r (0) a~ I 0 
dO ~ ap ' "dO--  p ' * ( 0 ) = r  

( 0 =  ( r - -  To)~ r ~ ffP (O)= "~F (T) I pC7 ~ 1 1 6 ~  aS'~ / pc 

O+ ----- ( r .  - -  to)  I to, O_ ----(r_ - -  ro)l  r ~, r ~ = 1?r ]  I E ,  i I "~ = F ( to)  I pcl'~ 

(3.1) 

(3.2) 

Here  To is the t e m p e r a t u r e  at the hea t - r emov ing  sur face ,  S is the a rea  of this su r face  per unit l ayer  volume,  a 
is the effect ive heat r emova l  coeff ic ient ,  F (T) > 0 is the heat  r e l e a se  ra te ,  R is  a un iversa l  constant,  E is the 

act ivat ion energy.  

Usual ly,  for example in the case  of the Ar rhen ius  dependence of the chemica l  r e ac to r  ra te  on T, the function 
e) (0) has the fo rm shown in Fig.  1 (the f o r m  of e) (0) for a z e r o - o r d e r  reac t ion  is shown by the dashed curve  to 

marked ly  reduced scale) .  The re fo re  we a s sume  for s impl ic i ty  that 

r  ( o ) > o  f o r  o < 0 %  ~"  ( o ) d o  f o r  0 > 0 -  

I ~ '  (0) I < ~o; lira 0 -~ @ (0) = 0 f o r  0 ~ ~o 

(in the case  in which T and C a r e  s i m i l a r  we have r (0rn) -~ 0, 0 < %). 

Then for  6 ~ < 6 < 6* the funchon ~p (0) has th ree  roots  0 < 01 < 02 -< 03 (Fig. 1), where  the roots  01, 08 diminish  
together  with 6 while 02 i n c r e a s e s ,  and v ice  v e r s a .  For  6 ~ 6 o the re  will  be a single root  011, and for  6 > 6* the re  will  
be the s ingle root  03 �9 The c r i t i ca l  va lues  6 ~ and 5* and the cor responding  points 02,8 and 01,~. of merg ing  of the roots  02, 03 

and 0,, o~ a re  found f rom the equations 

, (o, a) ~ o, d* / dO = O. (3.3) 

270  



If (3.3) h a s  no p o s i t i v e  r o o t s ,  t h e n  ~(0) wi l l  h a v e  on ly  one  r o o t  fo r  any  5 .  

F ig .  2. 

Le t  u s  a s s u m e  t h a t  in  t he  0 p - p l a n e  t he  c u r v e s  r u n  in the  d i r e c t i o n  of d e c r e a s i n g  ~ (d~ = d 0 / p  < 0). T h e n  e v e r y  
c u r v e  l e a v i n g  t he  po in t  0 = 0+, p = 0 (we d e n o t e  i t  by  s i m p l y  0+) and  e r o s  s i n g t h e  s t r a i g h t  l i ne  0 = 0 - +  a p f o r  s o m e  0 = 0~ 

o b v i o u s l y  e n s u r e s  a s o l u t i o n  of  t he  i n v e r s e  (0-~ g i v e n ,  ! unk~nown)problem (3.1),  (3 .2)  and  v i c e  v e r s a  (00 wi l l  be  t he  v a l u e  
of 0 a t  t he  e n t r a n c e  to t h e  l a y e r ) .  

Fig. 3. 

In t he  u p p e r  h a l f - p l a n e  t he  m o t i o n  a l o n g  t he  c u r v e s  t a k e s  p l a c e  f r o m  r i g h t  to  l e f t  (p > 0, h e n c e  dO < 0) and  v i c e  
v e r s a  in  t h e  l o w e r  h a l f - p l a n e .  T h e  p o i n t s  O,, 0~, {}a(p= 0) a r e  s i n g u l a r .  Study of t he  b e h a v i o r  of t he  c u r v e s  in  t he  v i c i n i t y  
of  t h e s e  p o i n t s  [7] s h o w s  t h a t  ~l and  62 a r e  s a d d l e s ,  w h i l e  02 i s  e i t h e r  a node  ( for  4 ~ '  (e2) < i), o r  a focus  ( for  4a~' (O~)> t). 
In t h i s  c a s e  t h e  c u r v e s  a p p r o a c h  t he  po in t  02 and ,  c o n s e q u e n t l y ,  t h e r e  a r e  no s o l u t i o n s  w i th  {}+ = {}~ ( excep t  f o r  t h e  
t r i v i a l  s o l u t i o n  0--  0~ f o r  0 = {}~). Two b r a n c h e s  l e a v e  f r o m  bo th  p o i n t s  01 and  03, w h i l e  a s i n g l e  b r a n c h  of the  c u r v e  
l e a v e s  f r o m  the  p o i n t s  0+ #= %( n  = i, 2, 3 ) y i e l d i n g  in t he  v i c i n i t y  of t h e s e  p o i n t s  

p = s}gn ~+ 1/~-~7~ I 0~. - -  {} 1 '/', ~ = - -  ] / 2 ; I  I~. I {}+ - -  O I '!', I~+ = ~ ({}.), e+ ~ o,, 

p=k(e+--{}), ~=--oo (0<~<~oo), {}+=e,,e3 . (3.4) 

Le t  60 < 6 < 6*, i . e . ,  $ ({}) h a s  t h r e e  r o o t s .  T h e n ,  a s  shown  in [7], t he  c u r v e s  1~ and 1~ ( F i g s .  2 - 4 )  l e a v i n g  f r o m  

01 and  03 c r o s s  the  0 - a x i s  a t  t h e  p o i n t s  0* and  0 ~ r e s p e c t i v e l y .  T h r e e  c a s e s  of l o c a t i o n  of t h e s e  p o i n t s ,  w h i c h  de f ine  the  
f o r m  of the  i n t e g r a l  c u r v e  f i e ld ,  a r e  p o s s i b l e :  

1. 0~ ~< {}* ~< {}3, 0t ~< 80 < 0~ (Fig. 2). 
2. 0* ~ ~ ,  ~ > {}1 (Fig, 3). 
3. 0* < {}3, 0~ = --c~ (Fig. 4). 

A p p r o x i m a t e  e s t i m a t e s  w e r e  o b t a i n e d  in [7] fo r  the  v a l u e s  of 0* and  0 ~ f r o m  w h i c h  i t  f o l lows  t h a t  c a s e  1 o c c u r s  
f o r  any  a i f  Q = 0 (which  i s  e q u i v a l e n t  to 6 = 60), w h i l e  c a s e  2 wi l l  o c c u r  f o r  a < a* (5): if  Q ~ 0 (a* d e c r e a s e s  wi th  
i n c r e a s e  of Q). If a > a*, f o r  Q < 0 (6 ~< 6o) c a s e  2 wi l l  o c c u r ,  w h i l e  c a s e  3 wi l l  o c c u r  fo r  <2 > 0 (6 > 6o). H e r e  

81 O~ 
(3.5) 

The  c u r v e  l e a v i n g  t he  po in t  0. < 0~, l i ke  t he  l e f t  b r a n c h  of t he  c u r v e  l e a v i n g  e 1 [7], a l w a y s  r u n s  to the  l e f t  in t he  
u p p e r  h a l f - p i a n o .  T h e r e f o r e  i f  0 ~ 0~. i t  a l w a y s  c r o s s e s  the  s t r a i g h t  l i ne  0 = 0 § ap fo r  s o m e  e = 0, < 0. (and one  t i m e  
on ly ,  s i n c e  --  ~ < dp ! dO ~. i/a, f o r  0 < 01, p > 0. in a c c o r d a n c e  w i t h  (3.1)).  The  v a l u e  of ~ (0) d e c r e a s e s  m o n o t o n i c a l l y  
a l o n g  t he  c u r v e ,  b e g i n n i n g  f r o m  ~ = 0 fo r  0---- 0+. T h e r e f o r e :  
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1) t h e r e  i s  a lways  a unique  v a l u e  of the r e a c t o r  length  t~-- --~ (%, 0.) >7 O, fo r  which  t h e r e  wi l l  ex i s t  a r e g i m e  with 
any g iven  O. < O~ and 0 ..< 0+, i . e . ,  the  i n v e r s e  p r o b l e m  (3.1), (3.2) has  in the  r eg ion  0.<0~ a unique so lu t ion  for  0_~0.; 

2) for  any g iven  t < to t h e r e  i s  a lways  a un ique  0_~< 0., fo r  which t h e r e  e x i s t s  a r e g i m e  wi th  any g iven  0+ ..< 01 (~O 
i s  the  length  c o r r e s p o n d i n g  h e r e  to the  g iven  0+ and 0_ = - -E/Br0) .  We sha l l  s e e  l a t e r  tha t  wi th  i n c r e a s e  of 0+ the va lue  of 
~o i n c r e a s e s ,  a p p r o a c h i n g  inf in i ty  as  0+ a p p r o a c h e s  0 t .  

In a c c o r d a n c e  wi th  (3.4) l ~ co fo r  0 . =  o~ and l = 0 fo r  0 . =  o .  S ince  the  p r o b l e m  so lu t ion  wi l l  obv ious ly  depend 
con t inuous ly  on 0+, the  v a l u e s  of/(0+,0 ) c o r r e s p o n d i n g  to the  g iven  0 < 0~ fo r  d i f f e r e n t  o+ ~ [0,0~] f i l l  con t inuous ly  the  
i n t e r v a l  [0,oo]. Consequen t ly ,  fo r  any g iven  l >_ 0 and 0 -.<0~ t h e r e  a lways  e x i s t s  a r e g i m e  with  0, ~ lo:, 0~]. 
L e t  us  show that  t h e r e  wi l l  be only  one  such  r e g i m e .  To do th is  we m a k e  the fo l lowing  change  of v a r i a b l e s  in (3.1), 

(3.2): 

u = ( 0 - - 0 ) / 7 ,  P = p / ? ,  7 = ( 0 + - - 0 ) / ( 0 ~ - - 0 )  ( 0 ~ < 7 < i ,  0_ ..< 0 -.< 0~). (3.6) 

Then p r o b l e m  (3.1), (3.2) r e d u c e s  to the  f o r m  (2.1), (2.2) and 

(uV)=r  ( u T + 0 ) > 0 ,  u . ~ = 0 ~ - - 0 _  ( 0 < u < u ~ ) ,  
X (e) = #*'  (e +~ 0_) + ,  (r + 0_) = xo (0) = (0 -- 0 ) , '  (0) - - ,  (0) (e = =~). (3.7) 

Hence  Xo (0_)..<o, Zo (o~) -.<o and xo (o) = (o --  o_) r  (o) >~ o fo r  o < o ..< o.  s ince  o~ < 0. ~ 

Consequen t l y ,  ~o (0) < o on the  e n t i r e  s e g m e n t  0 -.< 0 < 0~, i . e . ,  z (~) g o (o< ~ < ~ ) ,  and in a c c o r d a n c e  with  sec t ion  
2 the  so lu t ion  of the  d i r e c t  p r o b l e m  in the  r eg ion  o+ -.< 0x fo r  0 ~< 01 is  un ique .  

We find s i m i l a r l y  tha t  both the  i n v e r s e  and the  d i r e c t  p r o b l e m s  (3.1), (3.2) have  in the  r eg ion  0§ ~ [0~, 0]  a unique  

so lu t ion  f o r  0_ >/o3. 

The  c u r v e  p (0, 0.), l e a v i n g  the  point  0. ~ (0~, o2) l ike  the  r i gh t  b r a n c h  of  the c u r v e  l e av ing  01 [7], runs  to the  r igh t  
in the  l o w e r  h a l f - p l a n e ,  c r o s s e s  the  s t r a i g h t  l ine  0 = O z at  the  point  p = --p~, and s ince  dp / dO "> i / a fo r  0~ < 0 < 0~, p < 0, 
in c a s e s  1 and 3 (F igs .  2 ,4)  i t  p r o v i d e s  a so lu t ion  only  fo r  0 ~ [o., 02 + ap~ ]. In th is  c a s e ,  as  fo l lows  f r o m  F i g s .  2 and 
4, i f  p+ #: 0, then fo r  0 > 02 --  ap+ i n t e r s e c t i o n  wi th  the  s t r a i g h t  l ine  0 = o_ + ~p o c c u r s  s e v e r a l  t i m e s  (p~ ~ is  t he  
s econd  c r o s s i n g  of the s t r a i g h t  l ine  0 = 02). In o t h e r  w o r d s ,  fo r  0§ ~[0~, 0~], 0_ ~ [01, ~2 + ap~) the  i n v e r s e  p r o b l e m  a lways  
e x i s t s ,  and fo r  0_ ~ [02-- ap~ ~ , O~ + ap~.] i ts  u n i q u e n e s s  i s  v io l a t ed  as  a r e s u l t  of so lu t ions  which  pass  one o r  m o r e  t i m e s  
th rough  the  v a l u e  0 - -  0~. The  quan t i t i e s  0 (for 0_ su f f i c i en t ly  c l o s e  to 02) o r  p in t h e s e  so lu t ions  l o s e  t h e i r  mono ton ic i t y ,  
and t h e r e f o r e  we ca l l  such  so lu t ions  o s c i l l a t i n g .  It can  be shown f r o m  q u a l i t a t i v e  c o n s i d e r a t i o n s  that  t h e s e  so lu t ions  
wi l l  o b v i o u s l y  be  uns tab le .  We a r b i t r a r i l y  ca l l  the  so lu t ions  whi  ch do not p a s s  t h rough  ~z mono ton ic .  

C a s e  2 (F ig .  3) d i f f e r s  in th is  r e g i o n  in that  for  0+ ~ [0~, o~l and fo r  0_ > 02 + ap~there  i s  a s i ng l e  o s c i l l a t i n g  so lu t ion  

which  p a s s e s  t h rough  0 = 02 and 0 = 03, 

J u s t  a s  b e f o r e ,  in the  r e g i o n  in ques t i on  fo r  any g iven  1 <~.2 t h e r e  i s  a lways  a unique  va lue  0_ fo r  which t h e r e  
e x i s t s  a unique  mono ton ic  r e g i m e  with  any g iven  v a l u e  0+ ~ [0x, 02] (t+o c o r r e s p o n d s  h e r e  to the  g iven  0+ and 0 = 02 + ap+*, 
i . e .  , 1.2 = --~ (02, 0+)). 

S i m i l a r l y  to the  p r e c e d i n g ,  we f ind that  mono ton ic  so lu t ions  of the  d i r e c t  p r o b l e m  in the r eg ion  0. ~ [0x, 0i] e x i s t  
fo r  0 ~ [0~, 0~l fo r  any l and fo r  0 ~ [02, 0~ + ap*l only fo r  ~ > L o qo is  the  s m a l l e s t  va lue  of t (0., 0_) fo r  c u r v e s  wi th  0§ 
f r o m  the  i n t e r v a l  in ques t i on  which  c r o s s  the  s t r a i g h t  l ine  0-= 0_ + ap, i . e . ,  in the  p r e s e n t  c a s e ,  fo r  which p**> (02-  0~)7 a). 

Making  the  r e p l a c e m e n t  (3.6) in (3.1), (3.2), we obta in  p r o b l e m  (2.1), (2.2). 

F o r  0 ~[01,02] we have  

xo(0~)~o, xo(0_)>o;x6-.<o f o r o ~ < o < o _ ,  i t  0 _ ~ 0 - ;  

x ~ < o  for  0 ~ < 0 < 0  ~ , x o > / o f o r o - < 0 < 0 z ,  i t  0 _ > 0 - .  
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T h e r e f o r e  if  0_ ~ 0 ~ o r  0_~0- ,  but z0 (0-) >/0, i .  e . ,  in a c c o r d a n c e  wi th  (3.7) 0_ ~ 02 ({~=0~ 0-), w h e r e  

o% = 0 ~  - r (o~ )  / r (o~), 

then xo (o) >~ o (o~ ~ 0 ~ o_). H o w e v e r ,  i f  0 ~ 0% then xo (o) has  two r o o t s .  

(~.8) 

Fig .  4. 

F o r  0_ ~ [0~, 0~ § ap*] the  funct ion  Xo 0) (:~.7) v a r i e s  in the i n t e r v a l  [0,, 0~], s ince  h e r e  oo ~ 0~. a lways .  In th is  c a s e  

zo (0~)) o, z0 (0,) ~ o, i .  e . ,  x (0) fo r  0~ < 0 ~ 0~ has  a s ing le  roo t .  

Consequen t l y ,  in a c c o r d a n c e  wi th  s e c t i o n  2, if  O->~0~ o r  o2 >/0~, then for  0 ~ [0. 0~1. and in the  oppos i t e  c a s e  fo r  
0_ ~ [0~, 0_o] the  d i r e c t  p r o b l e m  has  in the  r eg ion  O. ~ {0~, o21 a unique  mono ton ic  so lu t ion .  

F o r  0_~[0_o, 031, if  0~<0_o<03,  and a l so  for  0_~[0~, 0~+ ap], l > l _  ~ i t  has  one o r  m o r e  such  so lu t i ons ,  and f r o m  
the  q u a l i t a t i v e  c o n s i d e r a t i o n s  of sec t ion  2 it  fo l lows  that  in the  f i r s t  c a s e  t h e r e  wi l l  be no m o r e  than t h r e e  so lu t ions  and 
in the second  c a s e  no m o r e  than two. 

S i m i l a r  r e s u l t s  a r e  ob ta ined  fo r  the  r e g i o n  0. ~ [0~, 031. 

B e c a u s e  of l ack  of s p a c e  we do not  p r e s e n t  h e r e  the a p p r o x i m a t e  e s t i m a t e s  for  p* and p+*, nor  fo r  the  
c o r r e s p o n d i n g  v a l u e s  of p0 and p.~ in the  r e g i o n  0. ~ [0~, 0~] (F igs .  2 - 4 ) ,  which  a r e  ob ta ined  s i m i l a r l y  to the e s t i m a t e s  
fo r  0 ~ and 0* [7]. We s i m p l y  note  that  t h e s e  v a l u e s  i n c r e a s e  wi th  i n c r e a s e  of a ,  the  s i z e  of the  c o r r e s p o n d i n g  i n t e r v a l ,  
and the  va lue  of Ir (0)1 on th is  i n t e r v a l .  

If the  funct ion r (o) can  be r e p r e s e n t e d  on the  i n t e r v a l s  in ques t ion  in the  f o r m  of p o w e r - l a w  s e r i e s ,  then the 
v a l u e s  of p* and p0 a r e  ob ta ined  in the  f o r m  of s e r i e s  in i n t e g r a l  p o w e r s  of  (0~ -- o~) and (0a -- 0~) r e s p e c t i v e l y  (by 
su i t ab le  c h o i c e  of T O we can e n s u r e  that  the l a t t e r  a r e  s m a l l e r  than unity) and p+* and p+o in the  f o r m  of s e r i e s  in 
p o w e r s  of t 0.. --  0. I v,. 

Thus ,  fo r  6 0 ~ 6 ~ 6. we f ina l ly  have  the  fo l lowing:  

F o r 0  ~(0~, O~--apO), i . e . ,  fo r  0_~0x, i f O ~ < O 3 - - a p o a n d f o r o _ ~ O ~ - - a p , , i f O o - - a p , ~ O x ,  a n d a l s o f o r o ~ ( o 3 , 0 ~ - ~ a p * )  
in the  r e a c t o r  of a r b i t r a r y  length  l t h e r e  a lways  e x i s t s  a unique  mono ton ic  r e g i m e ,  and 0§ ~ [0_, 0~l and 0. ~ [03, 0 ], 
r e s p e c t i v e l y .  

F o r  o_ ~ [0,, 0~ -- apO] if  0~ ~ 0~ -- ap ~ and a l so  fo r  0_ ~ [0~ -- ap0, 0~], i f  l ~ ~o_ mono ton ic  r e g i m e s  e x i s t  only  wi th  
0,~[o~,  0_]. S i m i l a r l y ,  fo r  0_~[02§  0~], and fo r  % ~ O ~ §  and fo r  0_~[02,02+ap*l ,  i f  l ~ l o ,  t h e r e  e x i s t  r e g i m e s  
only  wi th  0. ~ [0,0~]. In th i s  e a s e ,  i f  0% f a l l s  in the  i n t e r v a l  be tween  0~ and 02 then fo r  0_~ [0%, 0~] the  p o s s i b i l i t y  of the  
e x i s t e n c e  of s e v e r a l  (no m o r e  than th ree )  such  r e g i m e s  is  not  exc luded .  In the r e m a i n i n g  c a s e s  t h e s e  r e g i m e s  a r e  
un ique .  

In the c a s e  a ~ a~ (5~ in r e a c t o r s  of su f f i c i en t  l eng th  fo r  0_ ~ 0~ -- ap ~, if  6o ~ 5 ~ 6 ~ (F ig .  4), and for  0_ ~ 0~. § ap*, 
i f  6o ~ 6 < ~o (F ig .  3), t h e r e  a r e  a l so  o s c i l l a t o r y  r e g i m e s  with 0+ ~ [0,~, 03] and 0§ E [0~, 0%] r e s p e c t i v e l y  (5 o f r o m  (3.5)). 
In the  r e m a i n i n g  c a s e s  m e n t i o n e d  above  t h e r e  e x i s t  only  mono ton ic  r e g i m e s .  

F o r  O_~[02--ap0,03+ap*] and l > l  o_(lo_ d e c r e a s e s  a s 0 _  a p p r o a c h e s 0 2  so tha t  l % = 0  for  0_=02) i t  i s  p o s s i b l e  to 
have  s i m u l t a n e o u s l y  m o n o t o n i c  r e g i m e s  wi th  0.<(0~, 0)  and with  0+ ~ [02, 0_], wh i l e  fo r  0_ == 0~ the  uns tab le  t r i v i a l  r e g i m e  
o ~_ 02. is a l so  poss ib l e .  M o r e o v e r ,  fo r  0_ ~ [02 -- apo o2] t h e r e  wi l l  be  one o r  m o r e  r e g i m e s  wi th  0§ > o~, and fo r  0_ 

[02, 0.. + ap*] wi th  0. < 0~ ( f rom q u a l i t a t i v e  c o n s i d e r a t i o n s  no m o r e  than two).  H o w e v e r  the  r e g i m e  with o+ < 0_ 
fo r  0 ~ [02-- ap~, 02] and with  0+ > 0_ for  0_ ~ [0~, 03 + ap*] is  unique  excep t  fo r  the c a s e  in which  0 ~_ f a l l s  in the i n t e r v a l  
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between O ~ and 0z and 0- fai ls  between 0% and 02, for which we can expect severa l  (from quali tat ive considera t ions  no 
more  than three) such reg imes .  

Here the value O---- 0~ + ap* can be called the ignition t empera tu re ,  s ince this is the maximum tempera tu re  of the 
supplied mixture  for which the regime with 0. ~ 0~ can st i l l  exist .  With inc rease  of 0 only the reg ime with (~+ ~ 0 
o~..~ ap �9 becomes possible.  S imi la r ly ,  o = o~-- apo can be t e rmed  the extinction t empera tu re .  

Along with the monotonic solutions in the 0 interval  in question,  for sufficiently large l there  may also be 
osci l la t ing solutions with 0+ ~ [0~, 031, which pass one or more  t imes  through thevalue 02. Their  possibi l i ty  inc reases  
with approach of 0- to 0~ and inc rease  of a. It follows from quali tat ive considera t ions  that these solutions wilI be 
unstable  and lead to one of the monotonic r eg imes  [7]. 

Now assume  that 5 ~ 5% and 5 ~ ~*~ i . e . ,  that sys tem (3.3) has no solut ions.  Then r (0) has only a single posit ive 
root  0~ (or 03) and we find s im i l a r l y  to the preceding  that in r eac to r s  of a r b i t r a r y  length l for any a and 0- there  exist  
s ta t ionary  reg imes  only with 8~ located in the in terva l  between 0- and 61 (0- and 03). For  8 ~ ~ 8 (5o: 0 - ~  0 ~ (8 -=  
l / o ' ( 0 - ) ( P ,  and 0o_>0- f rom (3.8)), for 5%5*, 0_ ~ 00_ (where 0~ - ) and when (3.3) has no roots ,  f o r  5%5- ,  0 ~ 0 o  
(where 0_o~(0, 0r))one or more  of the indicated reg imes  is possible  (from qualitative considera t ions  no more  than three).  
In the r ema in ing  cases  the reg imes  are  unique. 

Thus,  the low- tempera tu re  r eg ime  which is mos t  often used in chemical  process ing,  when the maximum 
t empera tu re  0§ reached at the exit f rom the layer  does not exceed 01, exists  in r eac to r s  of a r b i t r a r y  length for 5 < 5~, 
0_ ~< 01~ and 0+ ~ [0_, 0~]. If 5 ~ < 5 < 5" and o.~ -- apo < 0~, then for 0_ ~ i0~ -- apO, 0i ] in r eac to r s  of length ~ >~ lo along with 
the single low- tempera tu re  reg ime there also exist  h igh- tempera tu re  (from quali tat ive considera t ions  no rao re  than 
three) reg imes  with 0. ~ [0~, 08]. In the r ema in ing  cases  the low tempera ture  reg ime  is unique if we do not consider  the 
osci l la t ing solutions with 0. ~ [0.0., 0~], which are  possible in r eac to r s  of sufficiently great  length for a > a~ (5), 5o < 5 < 5", 
where 5o > 5 o f rom (3.5). If sys tem (3.3) has no roots ,  then for any 5 for 0_ ~< 01 there exists  only the regime with O+ ~< 01. 

With inc rease  of 5 the value of 01 i nc r ea se s  monotonical ly.  

With reduction of a, and also for sufficiently smal l  l or 5, the region of ambiguity of the solutions becomes 
sma l l e r .  Thus,  extending the r e su l t s  obtained in [6] to our problem,  we can state that if 

�9 ' ( 6 ~ ) ~ 1 / 5 - i - 1 / 4 .  t i n : O r : q ) '  ( O " ) ~ i / S & i t l ,  

then for any ini t ia l  t empera tu re  0- of the supplied mixture  there  exists  in the reac tor  a unique s ta t ionary  regime.  
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